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For nonlinear retarded differential equations 
Y’V) - if&, y(t), Yk&N) = 0 
*=I 
and 
(*I 
Y’“‘(t) - 2 Pi(t)Fi(Y(gi(tm = h(t), 
i-1 
(**I 
the sufficient conditions are given on fi , p, , Fj , and h under which every 
bounded nonoscillatory solution of (*) or (**) tends to zero as t - cc. 
In this paper we are concerned with the asymptotic behavior of nonoscillatory 
solutions of the nonlinear differential equation with retarded arguments 
Y(2nv) - : fdt, y(t), Y&i(9) = 0. (1) 
<=I 
Throughout this paper, we shall assume that the following conditions are satis- 
fied. 
(i) fi(t, u, vi) E C[[O, co) x R x R, R], i = 1, 2 ,..., m, and for some 
index k, 1 < k < 2n, fk(t, u, ok) is increasing in u and vk for fixed large t. 
(ii) fi(t, U, vi) has the same sign as that of u and zli for i = 1, 2,..., m. 
(iii) gi(t) E C[[O, co), R] andgi(t) < t, limt,,gi(t) = 03 for i = 1, 2 ,..., m. 
We call a solution y(t) of (1) oscillatory if it has no last zero; i.e., if y(t,) = 0 
for some t, > 0, then there exists a t, > to for which y(t,) = 0. We call a solu- 
tion y(t) of (1) nonoscillatory if it is eventually of constant sign. 
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THEOREM 1. Assume that (1) satisfies conditions (i)-(iii). Let for any constant 
c # 0, 
s 
co 
t-f&, c, c) ds = fca 
Zf y(t) is a nonosciZlutory solution of (I), then either 1 y(t)1 --f 0 OY 1 y(t)1 + c0 us 
t-+ co. 
Proof. Without any loss we can assume that y(t) is eventually positive. Let T 
be large enough that both y(t) and y(gi(t)) are positive for t 3 T and 
i = 1, 2,..., m. From (1) and (ii), it follows that 
Yczn’(t) 3 frS(t, y(t), y(gr(t))) > 0 (2) 
for t >, T. This implies that all the previous derivatives are monotonic and 
hence yfi’(t) (i = 1, 2,..., 2n - 1) is either nonnegative or negative. 
Case 1. Suppose yczn-l’(t) 3 0 for t >, T. This means that y(2n-2’(t) is 
concave up and increasing and hence y(2n-2’(t) + co as t + co. Thus y(t) + co 
as t+ co. 
Case 2. Suppose yfnn-l’(t) < 0 for t 3 T. Then yf2+l)(t) + 0 as t + co. In 
fact, let lim,,, y(2n-1)(t) = a < 0. Then there exists a positive number E such 
that 
y(““-“(t) < a + E < 0. 
Integrating from t to T, we have 
y(2n-2’(t) - Y’~“-~‘(T) < (a + l ) (t - T) - --co 
as t -+ co. Hencey(t) + --co as t -+ co, a contradiction. Sincey(t) is monotonic 
and positive, either y(t) -+ co or y(t) +OL as t-+ co. We show that 01 =O. If 
01 # 0, then boundedness and nonnegativeness of y(t) implies for t 3 T 
(- l)i y(i)(t) > 0, i = l,..., 2n. 
Hence y(t) is decreasing for t > T. Multiplying both sides of (2) by P-1 and 
integrating from T to t gives 
-(2n - l)! r(t) + B 
> t(2n-1)y(2n-l)(t) - (n - 1) t2n-2y(2+-2)(t) - **- _ (2n _ l)! y(t) + fi 
> j- t ~~~--lfic(~, Y S), y(g&)N ds 
T 
s 
t 
> sBn--lfk(s, a, a) ds + co 
T 
as t--t co, where /3 is a constant, a contradiction. This proves our theorem. 
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Remark 1. If n = 1, m = 1, then Theorem 2.1 of [l] is a special case of 
our Theorem 1. 
Remark 2. If n = 1, then Theorem 2.1 of [2] is a special case of our Theo- 
rem 1. 
Finally, we shall study the nonoscillatory properties of bounded solutions of 
the differential 
Y’W + 2 P,(t>Fi(Y(&>>> = h(t), (3) 
i=l 
where the nonnegativity of the function p,(t) is not assumed, i = I,..., m, 
Fi E C(R), and gi(t) satisfies conditions (iii). 
Recently, Singh [3] treated the equation 
He proved that if 
Y’4’w + PM Y(&N = h(t). (4) 
s m p+(t) dt = co, jm p-(t) dt < co, and s Oc j h(t)1 dt < co, (5) 
where p+(t) = max(p(t), 0), p-(t) = max(-p(t), 0), then all bounded non- 
oscillatory solutions of (4) tend to zero as t 4 03. 
The aim here is to improve the integral conditions (5) to Eq. (3). To do this we 
need the following lemma of Sficas and Staikos [4]. 
LEMMA. Consider the linear differential equation 
z’ - (pit) + (fwlt) = 0, 
where p is a positive integer and H is continuous on [T, OO), T > 0. 
If lb,, I H(t)1 = a, and u is the solution of(L) with u(T) = 0, then 
(L) 
THEOREM 2. Assume that fi(t) is nondecreasing and xFi(x) > 0 for x # 0, 
i = 1, 2 ,..., m. Let 
t-lpi+(t) dt = 00, 
@pi-(t) dt < co, 
s 
co 
t”-lb(t) dt be bounded. 
If y(t) is a bounded nonoscillatory solution of (3), then lim inf,,, j y(t)] = 0. 
214 CHE;“;, YEH AND YU 
Proof. Without loss of generality we may assume that r(t) and y(gi(t)) are 
eventually positive for t ,> T, i =I I, 2,..., m. If lim inft-, r(t) f 0, then there 
exist positive constants k and K such that 
Let 
k ,< y(g#)) << K. 
t q&) = 
s 
@y(i+l)(s) ds. 
T 
Integrating by parts, we obtain 
q&) = tq;&) - Tiyti’(T) - iqi-&). 
Hence pipI is a solution of the differential equation 
2’ - (i/f) z + (h&)/t) = 0, tLi) 
where hi(t) = - Tiyci)(T) - qi(t), i = 0, 1 ,..., n - 1. Obviously, qiel(t) satisfies 
the initial condition qiml(T) = 0. 
Since 
= r: s’+%(s) ds - f 1 t pz+ (s) Fi( y(g,(s))) f-l ds 
kl I T 
+ -fl 1; Pi-(s) ~iLv(gi(s))) sn-l ds 
< 1; sWz(s) ds - 5 F<(k) 1; pi’(s) sn-l ds + -f F,(K) J‘: pi-(s) P--l ds 
i=l ill 
< j-’ F%(S) ds - k, f j-’ pi+(s) f-l ds + k, f 1’ pi-(s) P-I ds, 
T ix1 T i=l T 
where k, = min,~,+ F,(k), k, = maxl~,sm FJK). By condition (6) 
Applying the lemma for the differential equation (L,&, we have 
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and consequently 
Thus we can again apply the lemma for the differential equation (I&) to 
obtain that 
p-2 !&-a(t) = *a. 
Following the same procedure, we obtain finally 
which gives that 
a contradiction. This contradiction completes the proof. 
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